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quadratic shapes. In this approach complex forms are deﬁned
following a structural feature decomposition characterized by
thesesimpleshapes[2,8–10].Thistypeofdecompositionisrec-
ognizedasnecessaryforanefﬁcientrepresentationoftheHT[7]
and it relies on using additional postprocessing to extract com-
plete models. In a second approach, an arbitrary model shape is
deﬁnedbyanonanalyticrepresentationinaformofatable.This
modelshapeextendsthesimpledeﬁnitionofanalyticcurves,al-
lowing entire shapes to be extracted. The original idea of this
extension was presented in [11]. The Generalized Hough Trans-
form(GHT)[12]improvedthetechniquebyconstrainingthepa-
rameter computation by including the orientation of edge points
inthediscreterepresentation.Inthisapproach,whenorientation
andscaleinvariancearerequired,theextractionprocessinvolves
a four-dimensional parameter space. Invariance to scale and ori-
entation is achieved by including straightforward transforma-
tions of the tabular representation. Recent research has focused
on reducing the computational burden of the technique [13–19].
Both approaches have important features. Structural decom-
position maintains a complete speciﬁcation of the parts through
an analytic form. Nevertheless, in this speciﬁcation primitives
may not be sufﬁciently complex to provide an adequate descrip-
tion of the whole model. The importance of a complex charac-
terization of shapes has been previously discussed [20]. On the
other hand, the nonanalytic representation extends the descrip-
tionpowerviaacomplexcharacterizationofshapes.Thisavoids
additionalpostprocessing,butimpliesapartialknowledgeofthe
border points (limited by the discretization and the size of the
table).Additionally,thediscretenatureofthenonanalyticrepre-
sentation may cause distortion in the accumulation process due
to scale and rotation transformations.
In this paper we present a novel approach that extends the an-
alytic form of simple geometric primitives to arbitrary shapes.
This is achieved by reformulating the concepts of the extrac-
tion of nonanalytic shapes in terms of an analytic representa-
tion deﬁned by the Fourier expansion of a curve. This analytic
representationprovidesadescriptionwheremodelscanbesufﬁ-
cientlycomplexforadequateshapecharacterization.Inaddition
todevelopingthemappingfortheaccumulationprocessforadi-
rect formulation of the HT, we will consider other formulations
based on constraining the parameter space by exploiting edge
direction information and the position of a collection of points.
Considering the formal deﬁnition of the HT [21], we intro-
duce a mathematical formalism which embraces the methods
for extracting nonanalytic shapes. This allows us to generalize
the HT to extract analytically deﬁned arbitrary shapes. In the-
ory, the original formulation of the HT can be used to extract
any primitive that can be represented by an analytic equation
with a number of free parameters. Some research [4, 22] has
suggested that the HT can be generalized to extract arbitrary
analytic shapes by changing the equation of the curve under de-
tection. In fact, the evolution of the HT from lines to ellipses
corresponds to this generalization. Nevertheless, this concept
has not been developed further, and the extraction of arbitrary
shapes has preferred the use of a nonanalytic representation or
a simple structural decomposition. This might have been moti-
vated by the impression that the technique will present an expo-
nential growth in memory and computation requirements when
applied to more complex shapes. Intuitively, since the analytic
extension from lines to ellipses implies a large increase in mem-
ory space and computational effort, the analytic generalization
to extract arbitrary shapes appears to be infeasible. As such, the
only viable alternative to extract shapes without performing a
decomposition into simple geometric primitives is to follow a
nonanalytic formulation. Actually, the number of free parame-
ters required in the HT is independent of the complexity of a
shape. The free parameters are related to the transformations
which deﬁne all the instances of a shape that can appear in an
image. Here it will be shown that if the allowed transformations
are restricted to similarity transformations, then the extraction
process requires a four-dimensional accumulator space.
Our approach to detect analytically deﬁned primitives refor-
mulatestheconceptsdevelopedfortheextractionofnonanalytic
shapes by using a parametric representation based on Fourier
descriptors. The analysis of curves by Fourier theory has been
usedinimageunderstandingforseveralyears[23–33].Themain
interestinthisanalysishasfocusedoncomputingfeaturesorde-
scriptors which provide a useful characterization for shape dis-
crimination. These descriptors are deﬁned by the amplitude and
the phase of the harmonics obtained by expanding the paramet-
ric representation of a curve in Fourier series. Fourier descrip-
tors can be generated by different parametric representations
of curves. These representations have been deﬁned via two ap-
proaches.Theﬁrstapproachistotransformthetwo-dimensional
informationofacurveintoaone-dimensionalperiodicfunction,
whichisexpandedinaFourierseries[24].Thesecondapproach
considersthatthecurveisdescribedinthecomplexplane.Then,
a Fourier expansion is performed in a complex-valued function
[23]. The coefﬁcients obtained with the second characterization
are denoted as the elliptic Fourier descriptors of a curve [29].
Here,weshalluseellipticdescriptorstocharacterizearbitrary
shapes for primitive extraction. These descriptors were used in
a parametric deformable model [34] to detect objects which are
poorly represented in terms of ﬁxed shapes. Probabilistic con-
straints derived from sample images were used to perform a
local search in the parameter space. Although a local search is a
plausible alternative in a model-free interpretation, the parame-
ter space potentially has many local maxima [2]. This makes an
evidence gathering technique, which performs a robust global
search, more attractive when primitives are conﬁned to rigid
models.
The use of Fourier descriptors as a parameterized curve in
the HT has been previously considered. The model presented in
[35] highlights the bounding properties of the parameter space
deﬁned by Fourier descriptors; however, the underconstrained
nature of the approach leads to an ill-posed technique with an
enormous parameter space. This technique appears to await fu-
ture application to images. Here, we show that it is possible    
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FIG. 8. Example of implementation C. (a) Original image. (b) Edge image. (c) Resulting image. (d) A plane of the accumulator array for the ﬁrst maximum.
(e) Scale histogram for the ﬁrst maximum. (f) A plane of the accumulator array for the second maximum. (g) Scale histogram for the second maximum.
does not contribute to the error of the computation of gradient
direction.
6. CONCLUSIONS AND FURTHER WORK
A novel method for extracting arbitrary shapes has been de-
veloped. This method corresponds to the formulation of the HT
to model shapes characterized by elliptic Fourier descriptors
and is based on the extension of the formal deﬁnition of the
HT to embrace arbitrary shapes which are not analytically de-
scribed. The technique extends the descriptional power of the
analytic formulation of the HT beyond simple shapes, avoid-
ing the use of tables. Since the formulation maintains an an-
alytic representation, the method inherits the robustness of the   
EXTRACTING ARBITRARY SHAPES 219
FIG. 9. Example of implementation D. (a) Original image. (b) Edge image. (c) Resulting image. (d) A plane of the accumulator array. (e) Scale histogram for
the maximum.
originalformulationoftheHTanderrorscausedbyadiscretiza-
tion are minimized.
The new technique can be used to extract shapes with differ-
ing orientation and size, in a four-dimensional parameter space.
By using different strategies of parameter space reduction four
methods of shape extraction have been developed. These meth-
ods include the information of the position of a set of points as
well as gradient direction, and decompose the parameter space
into a three-dimensional accumulator and a single histogram.
The results demonstrate that the effectiveness of the accumula-
tionprocessismaintainedevenwhenimagedataiscorruptedby
occlusion and noise. The choice between different implementa-
tionsisacompromise:Whiletheuseofgradientdirectionallows
thedevelopmentoffasteralgorithms,thelimitationsoflocalop-
erators can produce wide peaks in the resulting accumulators.
Nevertheless, the peak’s position is accurate and is maintained
evenwithsevereimageclutter.Whenusingacollectionofpoints,
theaccumulatorwillpresentanarrowpeak.Althoughthiscould
be interpreted as an increase in robustness, the technique based
onsetsofpointscansufferinnoisyimageryandwhenpointsbe-
longing to other primitives are presented. In general, when most
datainanimagedeﬁneaprimitive,theimplementationobtained
without using directional information appears better than when
directional information is included. Nevertheless, when the im-
agenoiseisincreased,falsepeakscanemergeintheaccumulator
array, reducing the apparent improvement in performance. This
effect can be reduced by incorporating some heuristic rules for
selecting the points in a set as well as by increasing the number   
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FIG. 10. Noise sensitivity. (a) Example of noisy image (70%). (b) Result. (c) Accumulators for implementation A. (d) Accumulators for implementation B.
(e) Accumulators for implementation C. (f) Accumulators for implementation D.
of pairs of points formed per edge point, but with increase in
computationalcost.Thetypeofalgorithmswhichcombineboth
the use of gradient direction and the information of the position
of a small number of points provide a sensible alternative for
general applications.
The implementations developed for extracting arbitrary
shapes result in a three-dimensional space. This implies a com-
plexity that might not meet the required speed for some applica-
tions, given current standard computational capabilities. Future
work focuses on a further decrease of the computational load
to make the technique more attractive. The basic idea is to con-
sider in the formulation the concepts of the methods developed
for reducing the computational load of the GHT. This can be
achieved in a similar way, since the concepts of the GHT were
considered in the presented formulation. Additionally, other ap-
proaches for computational reduction can be included in our
extraction algorithm. We are particularly interested in the po-
tential for extension to multiresolution descriptors. The capa-
bility of handling different levels of detail by manipulating the
frequencies in the Fourier representation of a shape might be
useful for shape extraction by using a multiresolution HT ap-
proach [38, 39]. Finally, other methods which extend the HT to
three-dimensional object recognition [29, 44] might provide a
suitable avenue for further research.